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Introduction




Second Order Measurement in Interferometers

Background dark port Second order measurement

First order measurement

e [: dark port intensity at photo detector
e 7:source power

e a: phase difference between two waves

photo <
e /1. gravitational wave strength — / >|




Two Approaches for Interferometer Analysis

e Perturbed geometrical optics

: High frequency limit : : Perturbation Perturbed
Maxwell equation Ry Ml Geometrical optics R 2 : :
geometrical optics

e Perturbed wave optics in high frequency limit

High frequency limit Perturbed wave
I  Opticsiin high

Perturbation

: Perturbed wave
Maxwell equation [e—

optics ..
P frequency limit




Why Perturbed Wave Optics?

Perturbed geometrical optics

Perturbed wave optics in high frequency limit

Pros

familiar and simple if we only consider phase.

Cons

extremely complex.

e However, we believe that two approaches are identical. (verification is

required)



Perturbation of EMW



Perturbation of EMW

e Perturbed potential

e ‘A =¢cA +¢°X + 0O (63)

e Perturbed Maxwell equation

e VPV, X =2V, AC+h*V,V A

e General solution . Perturbation Perturbed wave
Maxwell equation [e—— :
o X — XP 4 Xh optics
a  “‘a a

e Particular solution is determined by GW
and EMW.

e Homogeneous solution is determined
by given boundary condition



Boundary Condition with Source and Mirror

e Perturbed EM ftield L

e °F ., =¢F,+¢c’Y,+0 (63)

GW

® Iy = 2V[a)(b]

e Perturbations for two waves reflected EMW: Y

e Y- incident wave perturbation | 1
ab ingident EMW: Y

° YCE?: reflected wave perturbation

[Mirror]

_ 1 2 Source
Y=Y, + V) o

e Boundary condition
o YCE}?) = 0 at source (x = 0)

LA)

o ¢bcd)Y =0 atmirror (x



Interferometer



e Ansatz

~/)

oEaz

e Received EMW

¢ Fcrlb (t,O)

o £ =

Background

= C5paei‘se where p% = €%, A% ¢

F(2,0) + RF > (1,0)
r b I 1 I
F n B! = —¢” o,
¢ 2

* |ntensity at dark port

o I'

— Le,ab ErBr/IC
dr ¢

4.7 1+ cos (2w (L~ 1))

e 2iw,(L—L")=rn+awhere |a| <1
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Perturbation of Dark Port Intensity

e High frequency limit
: igh frequency limi Perturbed wave
e We only take leading order terms on requeney Imt

optics in high
frequency limit

e proportionalto O (a)e/a)g).

* [ncomplete interim results

SI" ®, - A4AP Am 2927 Am
— =4R | ——h e (1 o ) a (sin (a)e (L + L’)) + '8 ) a
S —1w, 1 +cosd 1l —cos@

° /Ia/lb JAM /lallb - / 1A™ 2
1+cos6’<1_e )a. (sm(a)e(L+L))—e )a+0(a>}

1 —cosé
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Summary

e \We provided analysis of perturbed EMW in wave optics.

e Using boundary conditions for source and mirror, we can get general
solution of perturbed EMW.

e \We provided analysis of interterometer system using perturbed wave optics.

e \We are looking analytic form for the intensity of superposed waves from two
arm.

* |tis expected that the analytic results extend our options in future detector
design.
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Gravitational Waves



Minkowski Background

g.,- Minkowski background metric
V: Levi-Civita connection associated with g,
t: a global inertial time coordinate

Normal vector of ¢ (4-velocity of Eulerian observer)

® na = — gabvbt
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Gravitational Waves (GW)

* Perturbed metric e % spatial unit vector for GW propagation

¢ ‘g =g, +eh,+ 0 (62) ¢ k,=V,P=uw, (na + Ka)Z wave vector of GW
e Perturbed vacuum Einstein equation * Properties

e 0=V"V_h, e 0 =g, k%" :null condition

e 0=V’ , e 0=4Kkh, : Lorentz gauge
e Monochromatic plane GW * 0=n"h,, :radiation gauge

°* h, (t, 7) = %abeip<t’ x)

 h_,.:amplitude of GW

° P(t,?) Ea)g( f K-?):phaseofGW

* w,:frequency of GW
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Geodesic Observers

e Perturbed 4-velocity of geodesic observers

e ‘n“=n4+eo6m“+ 0 (62)

* Perturbed geodesic equation worldline

of geodesic

° nb Vbéna — () observer

e \We can choose geodesic observers with on“ = 0. )
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Electromagnetic Waves



Electromagnetic Wave (EMW)

e Vacuum Maxwell equation ¢ ,=V,0=w,(n,+1,): wave vector of
, EMW
® O =V VbAa
* Properties
. 0=V4, P

i ¢ 0=g," :nullconditi
e Monochromatic plane EMW Sab null condition

R e 0 =/% L t
¢ A, (1.7) = A0 o lLorentzgauge

y | e 0=n“A_ :radiation gauge
e A :amplitude of EMW

o Q(f,7) Ea)e< t l-?):phaseofEl\/lW

* m,: frequency ot EMW

» EMW: A4

e A% spatial unit vector for EMW
propagation
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Boundary Condition at Mirror

® [wo waves

o Fc(lllg) (t, 7) =7 (n[a + ﬁ[a) E‘b]eia)e(—t+,1 . %)
o Fc%) (t, 7) — (n[a — /I[a) Eb]eia)e(_t—/l'7+2L)

_ @ 2
’ ab_Fch)_I_Fc(zb)

reflected EMW: Féi) with — A4

e Boundary condition <

>

. incident EMW: FD with 1¢
° eade/Ichd — (0 at mirror (7 L/I) incident ) wit

[Mirror]
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Perturbation of EMW



Perturbation of EMW

Perturbed potential . XP = L (2CC 4PA, — hy IPI°A,)
a 2k la C C a

a

¢ ‘A, =eA,+¢e*X,+ O (63) .
e Homogeneous solution
Perturbed Maxwell equation
e VPV, XM =0
¢ VPV, X =2V,A.C0+h"*V,V A
o ViXN'=0
° VaXa — hab VaAb : : : i
e isdetermined by given boundary condition

1
o where (%, = ) (Veh+ Vyph®e = Vihy,) * Form of homogeneous solution

: * dwy, ( - ol =
General solution X (1, T) = J : {2 (o, p) €50
oo 27

e X =XP4+ XD

, , e S(t,X)=w, (—t+u-x

Particular solution ( ) ( )
o m =V S=w.(n <+

° XCIZ) =XB€iP€iQ a a h( a //ta)

e 0=miXh
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Boundary Condition at Source

)

e Perturbed EM ftield . //ta — _ 5 {K‘a—(Kvl)/la} 4 (/4 ./1> )@

Wy,

® GFCZbZEFab €2Yab+0(€3)

e General solution
¢ b — ZV[ Xb] _ s . .

a a - R = ng (1 . e1A ) elPelQ
e Boundary condition

e Y = Y2b+ chl’b = 0 at source (x = 0)

. GW: k
e Homogeneous solution
h _  ©p LiP,i0 iA
o Y. =—Y"e"e*e
ab ab > EMW: 19

e A*(X) = (a)h,u — WK — a)e/l) X

* W, = w,+ o,

[Source]
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Boundary Condition at Mirror

e Perturbations for two waves L

1. - :
o Yéb). incident wave perturbation GW: 4

o YCE?: reflected wave perturbation

— v(l) (2) reflected EMYV: Yéz) with —4¢
* Yab o Yab T Yab b

<

>

e Boundary condition incideslt EMW: Y with 2°

o ¢bcd) Y =0 atmirror (x = LA)

[Source] [Mirror]

e Solution of Y
ab
° Gade/lbYEczi) — Gade/Ib { Y[C)C(ll) (1 _ eiA““) n Y}CJC(ZZ) (1 . eiAme2ia)eL) } eiPeiQ
o A™ (7) — <a)h//t — a)gK—|— a)e/1> : (7_ L;t)
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Interfreometer



Background

e Ansatz

~/

o £ =F = &pe where p® = €% A°A°
e Received EMW

o Fl,(0)=F2(1,0) + ZF ' (1,0)
r r b r 1 r
e L, =F n B, = 56 o,

* [ntensity at dark port

1
o I'=—c ELBC = 45 (1 cos (2im, (L - L')))
T

e 2iw,(L—L")=r+ awhere || < 1
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Perturbation of Dark Port Intensity

e High frequency limit
e We only take leading order terms proportional to O (a)e/a)g).

* [ncomplete interim results

5T
C— 4R
7

a)b a)b
° A9 (1 B eiA‘“) : A4 (sin (0)6 (L_I_L/)) _ eiAm) }]

w. - . A4pb o 2470 e
——h e (1 — '8 ) + (sin (a)e (L + L’)) + '8 )
—1w, 1 +cos@ 1 —cosé

1 +cosé 1 —cosé
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